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We analyze the bipartite and multipartite entanglement for the ground state of the one-
dimensional XY model in a transverse magneti eld in the thermodynamial limit. We expli-
itly take into aount the spontaneous symmetry breaking in order to explore the relation between
entanglement and quantum phase transitions. As a result we show that while both bipartite and
multipartite entanglement an be enhaned by spontaneous symmetry breaking deep into the ferro-
magneti phase, only the latter is aeted by it in the viinity of the ritial point. This result adds
to the evidene that multipartite, and not bipartite, entanglement is the fundamental indiator of
long range orrelations in quantum phase transitions.
PACS numbers: 03.67.Mn, 03.65.Ud, 05.30.-d
I. INTRODUCTION
One of the most remarkable features of many phase
transitions is the ourrene of spontaneous symmetry
breaking, in whih the symmetry of the Hamiltonian is
not realized in the system state. When this ours a
marosopi observable (the order parameter) emerges,
whih is required for a unique speiation of the miro-
sopi state [1℄. Those quantum phase transitions (QPT)
our at zero temperature, and are triggered by the varia-
tion of a parameter of the system's Hamiltonian [2℄. The
system's eigenenergies then show non-analytial behavior
whih embodies the order of the phase transition. These
non-analytiities in turn are reeted in several maro-
sopi observables.
Lately there has been an inreasing interest in desrib-
ing QPTs, not by means of the non-analytiities of the
spetrum or of the physial observables, but rather by
the amount of entanglement (bipartite or multipartite)
present in eah of the system's phases. This is moti-
vated in partiular by a general expetation that entan-
glement an be given as important a status as the energy:
both quantities an be seen as resoures useful for the a-
omplishment of interesting physial tasks [3℄. Moreover,
long-range orrelations often found in strongly orrelated
many-body systems at zero temperature have a purely
quantum origin and are expeted to be inextriable from
entanglement [4, 5℄. Several authors have studied the
role of entanglement in QPTs by onsidering either bi-
partite or multipartite entanglement measures (e.g., see
[6℄-[36℄), both alulated for spin-1/2 lattie models suh
as the Ising and XY model in a transverse magneti eld
[37, 38, 39, 40℄. Invariably though many of these de-
velopments do not take into aount the spontaneous
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symmetry breaking aompanying the QPT, employing
instead symmetri states in alulations in the ordered
phase (for an exeption see [52, 53℄ and the note at the
end of the manusript). This proedure, although om-
mon and even orret for nite systems, is unrealisti in
the study of QPTs sine it is well known that symmetri
states (Shrödinger ats) are never realized in the ther-
modynami limit due to superseletion rules [1℄.
Reently, we have developed a program on the investi-
gation of multipartite entanglement properties in QPTs
by proposing a Generalized Global Entanglement (GGE)
measure [41, 42℄. As the name suggests this is a general-
ization of the Meyer and Wallah Global Entanglement
[43℄ (here dubbed G(1)) to aount for all the possible
bipartitions of the system state. Besides being able to
detet any kind of entanglement present in the system
[42℄, this measure is also able to signal the loation and
the type (order) of QPTs [44℄. Our results developed for
the innite 1-D Ising and XY hains indiate that mul-
tipartite entanglement is maximal at the ritial point,
playing a major role in the QPT proess, in ontrast to
bipartite entanglement [6, 7℄.
To orretly onsider the spontaneous symmetry
breaking due to quantum utuations is an essential el-
ement for the suess of suh an entanglement measure.
However this point is partiularly unlear in the reent
literature on entanglement in QPTs. Many authors are
not spei in their hoies and have erroneously applied
a symmetri state in their investigations. In this artile
we extend the entanglement analysis for the XY model
taking into aount the role played by spontaneous sym-
metry breaking in both bipartite (pairwise) and multi-
partite entanglement. As we argue in the body of the
paper, symmetry breaking favors multipartite entangle-
ment. While bipartite measures (onurrene and nega-
tivity) are the same irrespetive of the state one is em-
ploying, multipartite entanglement is not. We show that
both G(1) as well as G(2, n), an auxiliary funtion den-
ing one lass of GGE, exhibit ompletely dierent be-
haviors depending on whether the state is symmetri or
2not. We also review some of the results on bipartite and
multipartite entanglement in a learer and more detailed
fashion. We expet with this work to settle some is-
sues onerning the relation between entanglement and
quantum phase transitions, at least in the ontext of the
one-dimensional XY model. This paper is strutured as
follows. In Se. II we review the essential results in the
literature regarding bipartite and multipartite entangle-
ment present in the 1-D Ising and XY models. In Se. III
we disuss the XY model in detail and show how the re-
dued two-spin state is alulated. In Se. IV we analyze
bipartite entanglement measures (onurrene and nega-
tivity) by omparing the results obtained for the symmet-
ri state with the ones obtained for the broken-symmetry
one. In Se. V we analyze the multipartite entangle-
ment as given by G(1) and G(2, 1) for the two hoies of
ground states (symmetri or broken-symmetry). Finally,
in Se. VI a disussion ends the paper.
II. ENTANGLEMENT AND QPT IN 1-D ISING
AND XY SPIN CHAINS
In this setion we outline some of the most relevant
ndings [45℄ assoiated with entanglement in the 1-D
Ising and XY models.
The rst approah we mention, onerning pairwise en-
tanglement (onurrene) between two spins in the hain,
was onsidered in Refs. [6, 7℄. It was demonstrated
that the onurrene between nearest neighbors of the
XY model is maximal not at the ritial point but in
its viinity. Furthermore, the pairwise entanglement be-
tween neighbors more than three sites apart vanishes in
the quantum Ising hain. The authors of Ref. [7℄ also
showed that the derivative of the nearest neighbors on-
urrene is able to signal the QPT as it diverges at the
ritial point and exhibits nite-size saling. Thus, it be-
ame lear that the ability to signal a QPT ould be a
general property of good entanglement measures.
The rst work to establish a formal relation between a
QPT and bipartite entanglement measures was Ref. [8℄.
The authors have demonstrated that, under a set of rea-
sonable assumptions, a disontinuity in a bipartite entan-
glement measure (onurrene [9℄ and negativity [10℄) is a
neessary and suient indiator of a rst order quantum
phase transition (1QPT), whih is generially harater-
ized by a disontinuity in the rst derivative of the ground
state energy. Furthermore, they have shown that a dis-
ontinuity or a divergene in the rst derivative of the
same measure (assuming it is ontinuous) is a neessary
and suient indiator of a seond order QPT (2QPT),
whih is generially haraterized by a disontinuity or a
divergene of the seond derivative of the ground state
energy. Subsequently, it was pointed out [11℄ that this
result was more general and would apply to any entangle-
ment measure dependent on the redued density operator
of two spins. Finally, it was demonstrated in Ref. [12℄,
using the Density Funtional Theory formalism, that any
entanglement measure an be expressed as a unique fun-
tional of the set of rst derivatives of the ground state en-
ergy. For most of the ases, however, the expliit expres-
sion of the funtional is not known. This result showed
that any entanglement measure an in priniple signal
a QPT, sine it inherits the non-analytial behavior of
the derivative of the energy. Of ourse, depending on the
denition of the entanglement measure used, aidental
anellations of suh divergenes/disontinuities may o-
ur (see Refs. [13, 14℄). Another approah to understand
pairwise entanglement in QPTs based on the study of
the rossing of energy levels has also been proposed [15℄.
For the ase of a system of indistinguishable partiles it
was proved that, given some provisos, the entanglement
between one part (A) and the rest (B) is able to signal
a QPT [16℄. However, in this ase parts A and B orre-
spond to modes not partiles, in ontrast to the former
mentioned works. We should also note that pairwise en-
tanglement in small hains (two, three, and four spins)
for the XY model was previously studied in Ref. [17℄.
The seond kind of approah worth mentioning fouses
on multipartite entanglement (ME). In Refs. [18, 19℄ the
entropy of entanglement between one part of the hain
(a blok of L spins) and the rest is employed for this pur-
pose. There the entanglement entropy is dened through
the von Neumann entropy of one of the redued parts, a
valid approah whenever the global state is pure. It was
shown for some spin-1/2 models that at the ritial point
(CP) the entanglement entropy inreases logarithmially
with L, whereas it saturates for large L away from the
CP, a result whih had been known from onformal eld
theory [20, 21℄. For the one-dimensional XY model the
blok entanglement was extensively and arefully stud-
ied in Ref. [22℄. Another approah for ME investigation
(ME) is onsidered in Ref. [23℄ through the study of the
maximal possible overlap between the state studied and
all possible separable states; the larger this overlap is,
the less entangled the state. The XY model was analyzed
in that way and it was shown that the ME is maximal
around the CP and its derivatives diverge as the CP is
approahed. It was also shown that the ME is zero at the
seond ritial point (2CP) where the state is known to be
separable [24℄ (see the disussion in Se. IV). Tripartite
entanglement, given in terms of the residual tangle [25℄,
was also analyzed for an Ising hain of 3 spins in a trans-
verse eld in Ref. [26℄. In this last work it was shown
that the residual tangle is not maximal around the ex-
peted CP, whih really exists only in the thermodynami
limit. With the purpose of studying ME, a new measure
was dened and analyzed for spin hains in Ref. [27℄. It
was named Loalizable Entanglement and dened as the
maximal amount of entanglement that an be loalized
in two partiles, on average, by doing loal measurements
on the rest of the partiles. The Loalizable Entangle-
ment was shown to be maximal at the ritial point for
a nite Ising hain of 14 spins. This, together with the re-
sults for the blok entanglement, were the rst evidenes
that multipartite entanglement ould be important in the
3ontext of quantum phase transitions. It was also demon-
strated that onneted orrelation funtions are a lower
bound for Loalizable Entanglement, a remarkable result
enabling the system to have a nite orrelation length but
innite entanglement length (see [28℄ for an example of
suh behavior). We should remark, however, that it has
been argued that Loalizable Entanglement may not be
an entanglement monotone [29℄.
With the hope that the tools of Quantum Information
and Computation ould help to better understand Quan-
tum Phase transitions Zannardi and oworkers [30℄ have
proposed and (in their own words) showed that quantum
delity - the overlap modulus - of two nite-size ground
states orresponding to neighboring ontrol parameters is
a good indiator of quantum phase transitions. Indeed,
the delity typially drops abruptly at the ritial points,
as a onsequene of the dramati state transformation in-
volved in a transition. For the sake of ompleteness we
should also mention studies of the temporal evolution of
the entanglement in the XY hain [31℄ as well as other
attempts to show that multipartite entanglement is im-
portant/enhaned in quantum phase transitions, as an
be found in referenes [24, 32, 33, 34, 35℄.
We note that none of the employed entanglement mea-
sures in the above studies are maximal at the CP, with
the exeption of the single site entropy of the Ising model
[6℄ in the thermodynami limit and the Loalizable En-
tanglement [27℄ of an Ising hain of a few spins. We
should also mention that in Ref. [36℄ the authors have
studied the loss of entanglement along the renormaliza-
tion group ow of an XY hain. For this purpose they
obtained the entanglement between 100 spins and the rest
of the hain, as a funtion of the transverse magneti eld
and the anisotropy, showing that it was indeed maximal
at the ritial point.
At this point we should mention another interesting
feature observed in Refs. [6, 7℄, independently. They
showed that bipartite entanglement vanishes when the
distane between the two spins is greater than one lattie
site. This is quite surprising sine long range quantum
orrelations are expeted to be present at the CP. It was
then onjetured that bipartite entanglement at the CP
would derease in order for the ME to inrease, due to
entanglement sharing [6℄. In other words, ME only ap-
pears at the expense of pairwise entanglement and at the
CP we should expet a genuine multipartite entangled
state.
In Refs. [41, 42℄ three of us used the fat that for the
quantum Ising hain the entanglement between one spin
and the rest of the hain (given by the averaged linear
entropy [46℄) is equal to the Global Entanglement (GE),
G(1), a proposed ME measure introdued by Meyer and
Wallah in 2002 [43℄, in order to show that G(1) is maxi-
mal at the ritial point. Inspired by the GE, we have also
proposed the GGE, E
(n)
G , where the averages are taken
over the linear entropy of two, three, and more spins
(or subsystems). A similar approah was independently
presented in Ref. [47℄. In that onstrution, we allow the
spins to be non-ontiguous along the hain and not just in
a ontinuous blok as already onsidered in Refs. [18, 19℄.
For example, E
(2)
G is the entanglement between two spins
and the rest of the hain averaged over all possible dis-
tanes between the spins. In this ontext, another quan-
tity that is also interesting is the average entanglement
between two spins n sites apart and the rest of the hain
(without averaging over n): G(2, n). In Refs. [41, 42℄
we then analyzed the entanglement between two spins
n sites apart (G(2, n)) and the rest of the hain show-
ing that it is maximal at the ritial point and inreases
with n, saturating at the value 0.675 in the limit of large
n. This result was one of the rst indiations that mul-
tipartite entanglement is maximal/enhaned and more
distributed at the ritial point, adding strength to the
onjeture of T. J. Osborne and M. A. Nielsen [6℄. It
also suggested that ME is the key ingredient for the ap-
pearane of the long-range orrelations that develop at
the ritial point. In Ref. [42℄ we have pursued the dis-
ussion of Ref. [41℄ further, exploring the advantageous
features of the Generalized Global Entanglement for an
operational multipartite entanglement lassiation and
quantiation, in omparison to the other available mea-
sures for both nite and innite olletions of two-level
systems.
In a more reent work [44℄, we extended the above
results to the one-dimensional XY model showing that
G(1) and G(2, n) are maximal at the ritial point. In
a more general ontext we also showed expliitly that
G(2, n) is able to signal QPTs, something already ex-
peted from the results of [11, 12℄. Finally, and more
striking, we demonstrated that for olletions of two-level
systems with symmetry-breaking seond-order quantum
phase transitions, G(2, n) inreases exponentially with
n away from the ritial point. This inrease is gov-
erned by a harateristi length, named the entanglement
length ξE , whih is half the orrelation length ξE = ξC/2.
Furthermore, at the ritial point G(2, n) inreases as a
power law, implying an innite entanglement length. In
fat, ξE inherits the full ritial behavior of ξC , with
the same ritial exponent. All these results indiate
again that multipartite entanglement plays a major role
at quantum phase transitions, as argued in the previous
paragraph. How important is the spontaneous symme-
try breaking for this onlusion? In the next setions we
develop this question for the 1-D XY spin hain.
III. XY MODEL AND THE TWO-SPIN
REDUCED DENSITY MATRIX
The one-dimensional XY model in a transverse eld is
governed by the following Hamiltonian
H = −
N∑
i=1
J
2
[(1 + γ)σxi σ
x
i+1 + (1− γ)σ
y
i σ
y
i+1] + h
N∑
i=1
σzi ,
(3.1)
4where σαi , α = x, y, z, are the usual Pauli matries. The
model redues to the quantum Ising model for γ = 1
and approahes the XX model [39℄ as γ → 0. The XX
model belongs to a dierent universality lass and we will
therefore fous only on the parameter range 0 < γ ≤ 1.
The Hamiltonian (3.1) is symmetri under a global π
rotation about the z axis (σx(y) → −σx(y)), whih usu-
ally implies a zero value for the magnetization in the x
or y diretion (〈σx(y)〉 = 0). However, as the magneti
eld h is dereased (or J inreased) this symmetry is
spontaneously broken in the ground state (in the ther-
modynami limit) at λ = J/h = λ1 ≡ 1, the rst ritial
point (1CP). More speially, the ground state is dou-
bly degenerate with a nite magnetization (〈σx〉 = ±M)
in the x diretion haraterizing a ferromagneti phase.
It is also possible to dene a symmetri ground state
(〈σx〉 = 0) using a superposition of the two degener-
ate ones. Nonetheless, symmetri marosopi states
are just a theoretial onstrution with no physial exis-
tene, sine spontaneous symmetry-breaking mehanisms
(superseletion) rapidly destroy suh oherent superpo-
sitions (Shrödinger ats) in the thermodynami limit
[48℄. These unphysial states are alled here symmet-
ri states in ontrast with the realisti broken-symmetry
ones (〈σx〉 = ±M). Note that in the paramagneti phase
(λ ≤ 1) there exists no suh distintion.
By further dereasing the magneti eld a seond phase
transition ours at λ = λ2 (γ) ≡ 1/
√
1− γ2, the seond
ritial point (2CP). For magneti elds smaller than this
ritial value, the orrelation funtions do not tend to
their limiting value monotonially but in an osillatory
fashion [39℄. The Ising limit, γ = 1, exhibits only the
rst ritial point.
As we will show in the following two Setions, for the
alulation of the bipartite and multipartite (G(1) and
G(2, n)) entanglement all we need is the redued density
matrix of two spins, a 4×4 matrix that an be expanded
in tensor produts of Pauli matries and the identity σ0:
ρi,j =
1
4
∑
α,β
pα,βi,j σ
α
i ⊗ σ
β
j , (3.2)
where
pα,βi,j = Tr[σ
α
i ⊗ σ
β
j ρi,j ] = 〈σ
α
i ⊗ σ
β
j 〉. (3.3)
The redued density matrix ρi,j is obtained by traing
out all spins other than i and j.
Remembering that ρi,j is Hermitian with a unitary
trae we are left with nine independent matrix elements
for ρi,j , whih are funtions of the nine possible one and
two-point orrelation funtions (pα,βi,j = p
β,α
i,j ). This num-
ber an be further redued by the symmetries of the prob-
lem. In the XY model the global phase ip symmetry
(global π rotation about the z axis) in the paramagneti
phase (λ ≤ 1) implies [σzi σ
z
j , ρi,j ] = 0, whih imposes that
〈σ
x(y)
i 〉 = 〈σ
x
i σ
z
j 〉 = 〈σ
y
i σ
z
j 〉 = 0, leaving only ve inde-
pendent orrelation funtions: 〈σzi 〉, 〈σ
α
i σ
α
j 〉, α = x, y, z,
and 〈σxi σ
y
j 〉. In the ferromagneti phase (λ > 1) this
no longer holds sine the Hamiltonian symmetry is not
preserved by the ground state and we have to expli-
itly evaluate the nine one and two-point orrelation fun-
tions. 〈σzi 〉, 〈σ
α
i σ
α
j 〉, α = x, y, z and 〈σ
x(y)
i 〉 were obtained
in [38, 39℄. We are left then with three o-diagonal two-
point orrelation funtions to alulate, 〈σxi σ
y
j 〉, 〈σ
x
i σ
z
j 〉
and 〈σyi σ
z
j 〉. Finally, due to the translational symmetry
of the model, ρi,j depends only on the distane n = |i−j|
between the spins, pα,βi,j = p
α,β
n and p
α,0
i ≡ p
α
i = p
α
is the
same for all spins.
We ould be tempted to say that ρi,j is real sine the
matrix elements of Hamiltonian (3.1) are all real, and
use this fat to eliminate pxyn and p
yz
n as both quantities
appear in ρi,j multiplied by the imaginary i. However,
this argument an be misleading sine this symmetry
is not preserved in the ferromagneti state in the ther-
modynami limit. As a ounterexample onsider for in-
stane the Ising Hamiltonian with the nearest-neighbor
oupling in the y diretion and a magneti eld in the z
diretion (γ = −1). In the ferromagneti phase we would
have a nite value for 〈σyi 〉, whih then results in omplex
elements in ρi,j . Fortunately, exat expressions for two
of the three remaining o-diagonal orrelation funtions
have been obtained by Johnson and MCoy [40℄. In fat,
they have alulated the full time-dependent orrelation
funtions 〈σyi (0)σ
z
i (t)〉 and 〈σ
x
i (0)σ
z
i (t)〉. In partiular,
they have shown that at any time t, 〈σyi (0)σ
z
i (t)〉 = 0
for all values of γ and h, whih leads to pyzn = 0. For
〈σxi (0)σ
y
i (t)〉, they have shown that the leading term for
large n in both phases is linear in t, suggesting that pxyn
(t = 0) might be exatly zero. Numerial alulations of
pxyn for small hains have onrmed that it does indeed
vanish in both phases [49℄. Colleting all the previous
results the redued two-spin density matrix ρi,j an be
written as
1
4


1 + 2pz + pzzij p
x + pxzij p
x + pxzij p
xx
ij − p
yy
ij
px + pxzij 1− p
zz
ij p
xx
ij + p
yy
ij p
x − pxzij
px + pxzij p
xx
ij + p
yy
ij 1− p
zz
ij p
x − pxzij
pxxij − p
yy
ij p
x − pxzij p
x − pxzij 1− 2p
z + pzzij

.
(3.4)
The last o-diagonal orrelation funtion, pxzn , was ob-
tained in terms of umbersome omplex integrals in [40℄
rendering its expliit omputation very tedious. How-
ever, we were able to obtain bounds for it from the phys-
ial restrition that all eigenvalues of ρi,j must be posi-
tive. Considering one of its eigenvalues as a funtion of
pxyn results in a seond-degree polynomial with negative
seond derivative (we have heked this for many values
of λ ranging from 0 to 3 and for γ ranging from 0.1 to 1).
This allowed us to obtain tight lower and upper bounds
for the value of pxzn . This ompletes our onstrution of
the redued density matrix of two spins, whih is all we
need for the alulation of entanglement. In Figs. (1)-
(5) we plot the magnetization 〈σαi 〉 along α = x, z and
the diagonal orrelation funtions, 〈σβi σ
β
j 〉, β = x, y, z,
for nearest neighbors, j = i± 1, for later disussion.
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Figure 1: (Color online) Magnetization along the x-axis for
the XY model, with anisotropy. The rst transition, 1CP, is
apparent from the disontinuity at λ = 1, for any anisotropy
γ.
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Figure 2: (Color online) Magnetization along the z-axis for
the XY model.
IV. BIPARTITE ENTANGLEMENT
The bipartite entanglement between a pair of two-
level systems (qubits or S = 1/2 spins) an be quan-
tied using the onurrene C, sine it is a monotoni
funtion of the entanglement of formation [9℄, a well es-
tablished measure. The onurrene an be obtained
from the density matrix of the two spins and is given
by C = max{0, ǫ1 − ǫ2 − ǫ3 − ǫ4}, where ǫi, i = 1, . . . , 4,
are the square roots of the eigenvalues, in dereasing or-
der, of the matrix R = ρρ˜. Here ρ˜ = (σy⊗σy)ρ∗(σy⊗σy).
Another pairwise measure of entanglement is the nega-
tivity whih is based on the Peres-Horodeki separability
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Figure 3: (Color online) Nearest neighbor (j = i±1) diagonal
orrelation funtion 〈σxi σ
x
j 〉 for the XY model.
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Figure 4: (Color online) Nearest neighbor (j = i±1) diagonal
orrelation funtion 〈σyi σ
y
j 〉 for the XY model.
test [50, 51℄. This test states that a separable state is
always positive under partial transposition (PPT). This
is also a suient ondition for separability in the ase
of two-level systems. Thus, it is reasonable to quantify
entanglement measuring how muh the partially trans-
posed density matrix is negative. A possible denition
of negativity, whih was proved to be an entanglement
monotone [10℄, is given as N(n) = max{0,−2min(uk)},
where uk are the eigenvalues of the partial transpose of
ρi,i+n and the label n denotes the distane between the
qubits. The main advantage of the negativity over the
onurrene is that the former is easier to ompute than
the latter.
In the paramagneti phase (λ ≤ 1) or for any value
of λ in the symmetri ground state (i. e., without sym-
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Figure 5: (Color online) Nearest neighbor (j = i±1) diagonal
orrelation funtion 〈σzi σ
z
j 〉 for the XY model.
metry breaking), the onurrene and the negativity are
simple expressions in terms of the orrelation funtions.
Mathematially, this is a onsequene of the fat that
the fourth-degree equations resulting from the diagonal-
ization of R fatorize into two equations of the seond
degree [52℄. The expression for the onurrene, valid
for any system possessing the same symmetries as the
symmetri ground state of the XY model is written as
C(n) = max{0, C′(n), C′′(n)}, (4.1)
where
C′(n) =
1
2
(|pxxn − p
yy
n |+ p
zz
n − 1), (4.2)
C′′(n) =
1
2
(
|pxxn + p
yy
n | −
√
(1 + pzzn )
2 − 4(pz)2
)
.(4.3)
The negativity expression derived exlusively for the XY
model reads
N(n) = max{0,−2min[u1(n), u3(n)]}, (4.4)
where
u1(n) = −
1
2
(
1 + pzzn −
√
(pxxn + p
yy
n )2 + 4(pz)2
)
,(4.5)
u3(n) = −
1
2
(1 − pxxn + p
yy
n − p
zz
n ). (4.6)
The expression for the onurrene ould be written in
this general form (independent of the partiular values of
the one and two-point orrelation funtions) beause it
is derived simply by imposing the positivity of ρi,j and
the fat that all eigenvalues of R are real numbers. We
have also observed that for γ2+1/λ2 > 1, i.e. λ < λ2 (γ)
it is always C′(n) and u1(n) that are relevant for the
onurrene and the negativity through Eqs. (4.1) and
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Figure 6: (Color online) Plot of the left-hand side of Eq. (4.7)
as a funtion of λ: when the funtion is positive the on-
urrene for the XY model does not hange upon symme-
try breaking. The anisotropies are γ = 1, 0.8, 0.6, 0.4, and
0.2 (from top to bottom). We have also plotted a small
vertial bar to represent the position of the 2CP (λ2 (γ) =
1/
p
1− γ2).
(4.4), respetively. On the other hand, for γ2 + 1/λ2 <
1, i.e. λ > λ2 (γ), it is C
′′(n) and u3(n) that appear
in these two measures, respetively. The hange from
γ2 + 1/λ2 > 1 to γ2 + 1/λ2 < 1 ours at the 2CP, i.e.
at λ = λ2 (γ) = 1/
√
1− γ2.
In the ferromagneti phase (for the broken-symmetry
state) the alulation of the onurrene is not so simple
sine we have a fourth-degree equation whih fatorizes
into a rst-degree one and a ompliated third-degree
equation. Although the latter an be solved exatly, the
expressions for its roots are not very illuminating, render-
ing a detailed general analysis unfeasible. Fortunately, it
was demonstrated [52℄ that for the Ising model the on-
urrene does not hange upon spontaneous symmetry
breaking. This opened the possibility for the use of the
simple expression of the paramagneti phase in the fer-
romagneti one. The analysis an be extended to the
XY model sine the redued density matries of the two
models have a similar form. The ondition for an iden-
tial expression for the onurrene in the paramagneti
and ferromagneti phases is
√
(1 + pzzn )
2 − 4(pz)2 + pzzn − 2p
yy
n − 1 > 0. (4.7)
In Fig. 6 we show the left-hand side of Eq. (4.7) as
a funtion of λ for the XY model. It an be seen that
Eq. (4.7) always holds for the Ising model (γ = 1, rst
urve from top to bottom) but is violated after the 2CP
(λ > λ2 (γ) = 1/
√
1− γ2) in the XY model (γ 6= 1). The
ritial value λ2 (γ) has been indiated by the vertial
lines for eah γ in Fig. 6.
Using the above expressions and the orrelation fun-
tions depited in Figs. (1)-(5), inluding the bounds for
pxzn obtained through the proedure explained in Se-
tion III, we now analyze the bipartite entanglement be-
tween any two spins of the XY hain. Notie that for the
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Figure 7: (Color online) Lower bound of the onurrene for
nearest neighbors obtained using the upper bound of pxz1 . In
the limit of small magneti eld (large λ) the entanglement
dereases with inreasing γ. Here γ = 1, 0.8, 0.6, 0.4, 0.2, and
0.1 from top to bottom in the λ ≤ 1 phase.
following disussion we have alulated numerially the
onurrene, not relying in the simplied formula (4.1).
First, we have evaluated the onurrene of nearest neigh-
bors (C(1)) for some values of the anisotropy γ. These re-
sults are shown in Fig. 7, where we plot the lower bounds
for the onurrene. Moreover, in Fig. 8 we show both
the lower and the upper bounds for the broken-symmetry
state as well as the onurrene in the unphysial sym-
metri ground state. As it is already known [6, 7℄, C(1) is
not maximal at the 1CP. It is important to note that the
bounds are very tight near the QPTs allowing us to or-
retly haraterize the behavior of the onurrene at the
CPs. Indeed, Fig. 8 shows that the onurrene hanges
more abruptly (a diverging derivative) at the 2CP than
at the 1CP where the spontaneous symmetry breaking
ours (λ = λ1 = 1). We an also see that after the 1CP
the onurrene starts to derease, vanishing at the 2CP.
This fat had already been observed [24℄ and it an be
shown that at this point the ground state is ompletely
separable [24℄.
Remarkably, the disrepany between the symmetri
and the broken-symmetry ases, in ontrast to what one
might expet, only ours after the 2CP (λ > λ2), where
the orrelation funtions tend to their limiting value in
an osillatory fashion [39℄. Thus, the spontaneous sym-
metry breaking, whih ours already at the 1CP, has no
inuene on bipartite entanglement. Even after the 2CP
the dierene between the symmetri and the broken-
symmetry states is small and beomes more pronouned
only as γ → 0, where the former has slightly less en-
tanglement than the latter. Finally, the origin of the
entanglement is dierent in the two states sine in the
symmetri ase at the 2CP there is a hange in the great-
est eigenvalue of R, see Fig. 9 (this results in a hange
from C′(n) to C′′(n) as the expression that ontributes
to the onurrene). This has been interpreted [24℄ as a
hange in the kind of entanglement present in the ground
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Figure 8: (Color online) The lower and upper bounds for
the nearest-neighbor onurrene (solid lines) and the on-
urrene in the symmetri state (dashed lines). Here γ =
1, 0.8, 0.6, 0.4, and 0.2 from top to bottom in the λ ≤ 1 phase.
Note that for most of the anisotropies we an barely see the
dierene between the lower and upper bounds.
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Figure 9: (Color online) Plot of the square root of the ein-
genvalues of the matrix R (for γ = 0.8), used to obtain the
onurrene, for the symmetri ase. We an observe a hange
in the greatest eigenvalue of R at the seond ritial point re-
sulting in a hange from C′(n) to C′′(n) as the expression
that ontributes to the onurrene.
state. However this is not true when one orretly em-
ploys the broken-symmetry state sine now it is the same
eigenvalue of R that is maximal for all values of λ, see
Fig. 10. We an also see that, as we approah the XX
model (γ → 0), the onurrene dereases in the λ < 1
region, vanishing at the 1CP, and then inreases in the
ferromagneti phase (λ > 1).
Similar onlusions an be derived for the negativity
sine the urves for the negativity as a funtion of λ and
γ are very lose to the ones already shown for the on-
urrene. Here we only plot the negativity for nearest
neighbors, N(1), in the symmetri state in Fig. 6. We
should note that, as for the onurrene, the negativity
of the symmetri ground state is lose to the negativity of
the broken-symmetry state in the ferromagneti phase.
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Figure 10: (Color online) Plot of the square root of the eingen-
values of the matrix R (for γ = 0.8), used to obtain the on-
urrene, for the broken-symmetry ase. We an observe that
for the broken-symmetry ase there is no rossing of eigenval-
ues of R at the seond ritial point. Atually, all eigenvalues
vanish at the 2CP. This plot was obtained using the upper
bound for pxz but there is no visible dierene if we use the
lower bound.
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Figure 11: (Color online) Nearest neighbor negativity in the
symmetri ground state. We an see that at the ritial point
the entanglement dereases as we approah the XX model
(γ → 0).
We have also obtained the onurrene between next-
nearest neighbors C(2) in the broken-symmetry state. In
Fig. 12 we show its lower bound for some values of γ. We
an see that in ontrast to C(1), C(2) at rst inreases
in the paramagneti phase as we leave the Ising model
in the diretion of the XX model. As a funtion of λ,
C(2) reahes its maximal value just before λ = 1 (the
1CP), whih inreases as γ → 0. For small magneti
eld (large λ) we see the same behavior as for C(1): the
entanglement inreases as we approah the XX model
(γ → 0). The dierene in the entanglement of the sym-
metri and the broken-symmetry states, however, is more
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Figure 12: (Color online) Lower bound for the onurrene
for next-nearest neighbors using the upper bounds of the o-
diagonal orrelation funtion pxz2 . Here γ = 1, 0.8, 0.6, and 0.4
from bottom to top in the λ ≤ 1 phase. The broken-symmetry
state was used in the ferromagneti phase (λ > 1).
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Figure 13: (Color online) Conurrene for next-nearest neigh-
bors in the broken-symmetry state at γ = 0.2, obtained using
the upper (triangles) and lower (squares) bounds of the o-
diagonal orrelation funtion pxz2 . For omparison, we also
plot the onurrene in the symmetri state (rosses).
pronouned now. In ontrast to the broken-symmetry
state, the entanglement in the symmetri state vanishes
for λ larger than a ertain value. This is illustrated in
Fig. 13 where we show the lower and upper bounds for
the onurrene in the broken-symmetry state ompared
to the onurrene in the symmetri state for γ = 0.2.
We should note that for all values of γ > 0.2, the bounds
are tighter in omparison.
The negativity for next-nearest neighbors has a similar
behavior but with smaller values in the region of small
elds (large λ). This an be better viewed in Fig. 14
where we plot N(2) in the symmetri state. Note that in
the symmetri state the negativity (and also the onur-
rene) vanishes for suiently small values of the eld.
We have also alulated the onurrene and the neg-
ativity for spins three and four lattie sites apart, whih
show behaviors similar to C(2) and N(2). The only dif-
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Figure 14: (Color online) Negativity for next-nearest neigh-
bors in the symmetri ground state. We an see that at the
rst ritial point (λ = 1) the entanglement rst inreases as
we leave the XX model (γ = 0) and then starts to derease
for suiently large γ.
ferene is that the entanglement is muh smaller, dereas-
ing as we inrease the distane between the spins. It
should be noted that the onurrene and negativity val-
ues for next-nearest neighbors are signiantly smaller
than the ones for nearest neighbors, whih means that
bipartite entanglement is more onentrated on nearest-
neighbor sites.
One last fat about bipartite entanglement whih we
would like to mention is related to the origin of the non-
analytiities of the onurrene and of the ground state
energy per site E . It terms of the two spin redued density
matrix elements (ρi,j)αβ = (ρ)αβ we have
∂2λE = −
2
λ
∂λ[(ρ)22 + (ρ)44] (4.8)
and
C(1) = 2[(ρ)41 − (ρ)22], (4.9)
where C(1) is the onurrene for the symmetri ase and
∂2λ stands for the seond order derivative with respet to
the tuning parameter λ. As argued in [8℄ both ∂2λE and
∂λC(1) exhibit ritial behavior through their dependee
upon ∂λ(ρ)22, sine (ρ)41 is well behaved. Looking at the
orrelation funtions we observe that the divergene of
∂λ(ρ)22 omes from the orrelation in the z diretion as
(ρ)22 = 1− p
zz
. However (ρ)44 also has a dependene on
pzz whih anels the one in (ρ)22, and we end up with
∂2λE = −
1
λ
∂λp
z. (4.10)
Therefore, in terms of the orrelation funtions, the rit-
ial behavior of ∂2λE is originated on p
z
while the diver-
gene of ∂λC(1) is given by p
zz
, sine (ρ)41 = p
xx − pyy
does not anel the divergene of pzz.
In sum, based on these measures of entanglement we
an say that there is more bipartite entanglement around
the 1CP when we approah the Ising model. When we
approah the XX model the entanglement is more pro-
nouned in the ferromagneti phase. We expet this
behavior to ontinue to hold for C(n) and N(n) when
n > 4. It has already been pointed out that the range in
whih the onurrene has a nite value inreases as 1/γ
[7℄, being innite for the XX model. Finally, we would
like to stress that the onurrene does not hange upon
symmetry breaking in the Ising model. This fat shows
that it suers no inuene during the symmetry-breaking
proess, although bipartite entanglement is able to mark
the phase transition through a diverging derivative of the
onurrene.
In the XY model, on the other hand, the onurrene
is dierent for symmetri and broken-symmetry states.
However, this dierene only appears at the seond rit-
ial point, not as a result of the symmetry breaking that
ours at the rst ritial point. Thus, we have shown
that for both the Ising and the XY model, the symmetry-
breaking phase transition does not aet the bipartite
entanglement. In fat, as three of us have already ar-
gued [42℄, the fat that the onurrene does not depend
on the magnetization in the x diretion px is a possible
explanation for the fat that it is not maximal at the
ritial point.
V. MULTIPARTITE ENTANGLEMENT
After studying the entanglement between two spins in
the hain we now fous our attention on the multipartite
entanglement (ME) in the XY model as given by G(1)
[43℄ and G(2, n) [41, 42, 44℄. For a spin-1/2 hain these
are given by
G(1) =
d
d− 1

1− 1
N
N∑
j=1
Tr
(
ρ2j
)
(5.1)
and
G(2, n) =
d
d− 1

1− 1
N − n
N−n∑
j=1
Tr
(
ρ2j,j+n
) , (5.2)
where d is the dimension of the Hilbert spae of the re-
dued density matries ρj or ρj,j+n, i.e., d = 2 for G(1)
and d = 4 for G(2, n). For systems with translational
invariane suh as the XY model, these measures simply
redue to the the linear entropy of one spin and two spin
n-sites apart, respetively.
One advantage of the measures (5.1) and (5.2) is that
they are simple to evaluate sine we just need the redued
one- and two-spin density matries that were already ob-
tained previously. This kind of measure has reeived the
name of loal entanglement measure/estimator sine they
depend on the redued density operator of two spins,
10
whih is a loal quantity. Moreover, inspired by aumu-
lated experiene of many-body physis, we believe that a
great deal an be learned from the knowledge of two-point
orrelation funtions only. G(2, n) inherits the full non-
analytial behavior of the elements of the redued density
matrix of two spins and it is possible to make a general
link between divergenes in the derivatives of the energy,
whih signal QPTs, and G(2, n) or its derivatives [44℄.
In other words, G(2, n) and/or its derivatives are able to
signal QPTs as do bipartite entanglement measures, with
the exeptions of the ases where the non-analytiities
aidentally anel out. In Ref. [44℄ it was shown that
G(1) and G(2, n) are maximal at the 1CP and zero at
the 2CP, thus possessing the ability to map out the om-
plete phase diagram of the XY model. Here we intend to
analyze those results in vision of the dierenes between
the symmetri and broken-symmetry ases/states.
For the XY model Eqs. (5.1) and (5.2) above an be
rewritten in terms of the one and two-point orrelation
funtions, depited in Figs. (1)-(5), as
G(1) = 1− 〈σxj 〉
2 − 〈σzj 〉
2
(5.3)
and
G(2, n) = 1−
1
3
(
2〈σxj 〉
2 + 2〈σzj 〉
2 + 2〈σxj σ
z
j+n〉
2+
〈σxj σ
x
j+n〉
2 + 〈σyj σ
y
j+n〉
2 + 〈σzj σ
z
j+n〉
2
)
.(5.4)
As we mentioned before, Eqs. (5.3) and (5.4) have already
been shown to be maximal at the 1CP of the Ising [41℄
and XY [44℄ models. We have argued that this behavior
is due to the emergene of a nite value of the magnetiza-
tion with the spontaneous symmetry breaking for λ > 1,
sine this is the orrelation funtion in the expressions
for G(1) and G(2, n) exhibiting the most abrupt hange,
despite being ontinuous at the 1CP. This will be made
learer as we investigate the behavior in the symmetri
ase. We also note that at the 1CP G(2, n) always in-
reases as a funtion of n whih is a strong indiation
of genuine ME. The von Neumann entropy (Entropy of
Entanglement) of one spin has already been shown to be
maximal at the 1CP [6℄.
We rst show G(1) for the XY model as a funtion
of λ and γ for the broken-symmetry ase (see Fig. 15).
We an see that for all values of the anisotropy G(1) is
maximal at the 1CP and dereases as one approahes the
XX model. We have also heked that G(1) is zero at the
2CP λ = λ2 (γ) = 1/
√
1− γ2 as expeted, sine at this
point the state is ompletely separable [24℄.
The upper bound for G(2, 1) for the broken-symmetry
ase is shown in Fig. 16. We note that it behaves sim-
ilarly to G(1). To hek the quality of the bounds we
also plot the lower and upper bounds for G(2, 1) in the
broken-symmetry ase for three values of anisotropy in
Fig. 17. The same behavior was also found for G(2, 2)
and G(2, 7) [44℄. In fat, the value of G(2, n) for a xed
λ always inreases as a funtion of n, whih is in on-
trast to bipartite entanglement, and also in ontrast to
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Figure 15: (Color online) G(1) for the XY model in the
broken-symmetry ase.
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Figure 16: (Color online) G(2,1) for the XY model in the
broken-symmetry ase.
the orrelation funtions, whih derease as n inreases.
Therefore, G(2, n) must inrease (see Eq. 5.4), either as
a power law at the ritial point or exponentially away
from it. As mentioned before, this feature allows the def-
inition of an entanglement length (see Ref. [44℄ for more
details) and indiates that at the CP the entanglement
is more distributed in the hain than anywhere else.
Sine both G(1) and G(2, n) essentially show the same
behavior, from Eq. (5.3) we onlude that the magnetiza-
tions 〈σxj 〉 and 〈σ
z
j 〉 are the minimal quantities from whih
the multipartite entanglement over the hain an be in-
ferred. Now we observe that near the XX model (γ → 0 )
the ferromagneti phase shows more entanglement than
the CP, a feature observed for bipartite entanglement
between two spins as well, as given by the onurrene
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Figure 17: (Color online) Lower (solid lines) and upper
(dashed lines) bounds for G(2,1) of the XY model in the
broken-symmetry ase for three values of the anisotropy:
γ = 1, 0.6, 0.2. (from top to bottom in the λ < 1 region).
and negativity (see Figs. (7) and (11)). This behavior
should be ontrasted with Figs. (1)-(5) for the magneti-
zation and diagonal orrelations. Notie that those one
and two-point orrelations (apart from 〈σyi σ
y
j 〉) are in-
variably smaller loser to the XX model than loser to
the Ising model, in partiular 〈σxj 〉 and 〈σ
z
j 〉, showing the
well know fat that, deep in the ferromagneti phase the
magnetization is destroyed by quantum utuations as
ones goes from the Ising Hamiltonian to the XX limit.
Thus it is reassuring to see that the proposed india-
tors of "quantum harater", both bipartite and multi-
partite entanglement measures, do indeed inrease as we
approah the XX model from the Ising one. This feature
highlights the dierenes between lassial and quantum
orrelations (entanglement) in the XY model. Thus, al-
though the orrelation funtions involve both lassial
and quantum orrelations, only a proper ombination of
them an reveal their entanglement ontent.
We now ompare the symmetri and broken-symmetry
states. In Fig. 18 we have plotted G(1) and in Fig. 19
G(2, 1), both for two values of the anisotropy, γ = 1 and
γ = 0.4. It an be seen that in both ases the symmet-
ri state (dashed line) does not show a maximum at the
1CP. Instead, it is an inreasing monotoni funtion of λ.
The ruial element here is that the magnetization in the
x diretion, 〈σx〉, and 〈σxi σ
z
j 〉 vanish in the region λ > 1
in the symmetri ase, and the former is responsible for
the dierene in behavior between G(1) and G(2, 1). To
hek this, we have made 〈σx〉 zero by hand in the expres-
sion for G(2, 1) in the broken-symmetry ase and veried
that the result is very similar to the symmetri ase. This
indiates that the magnetization is the primary reason
why G(1) and G(2, 1) are maximal at the 1CP and the
results for the symmetri and broken-symmetry ases are
dierent. The reader should remember that in the ase
of bipartite entanglement, given by the onurrene or
the negativity, spontaneous symmetry breaking had no
eet, only appearing to ontribute in a dierent manner
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Figure 18: (Color online) Comparison of G(1) in the symmet-
ri (dashed lines) and broken-symmetry (solid lines) states
for the XY model and for two values of anisotropy: γ = 1
(brown) and 0.4 (blue).
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Figure 19: (Color online) Comparison of G(2,1) in the sym-
metri (dashed lines) and broken-symmetry (solid lines) states
for the XY model and for two values of anisotropy: γ = 1
(brown) and 0.4 (blue).
after the 2CP. Furthermore, we observe that both G(1)
and G(2, n) signal the two ritial points in the broken-
symmetry state, while the same is not true in the sym-
metri state. The omplete phase diagram ould thus
be drawn only by onsidering the non-analytiities of ei-
ther of these two measures. Thus symmetry-breaking has
more eet over multipartite entanglement. Again, the
presene of the magnetization 〈σx〉 (whih is highly sensi-
tive to symmetry-breaking) in both G(1) and G(2, n) and
its absene in the onurrene and negativity is respon-
sible for the dierent behavior when one uses a broken
symmetry ground state or not.
VI. CONCLUSIONS
We have extensively studied the entanglement prop-
erties of the one dimensional XY model in a transverse
magneti eld. We have in all ases assumed the hain
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to be at T = 0 and worked in the thermodynami limit
of an innite hain. One of our goals was to hara-
terize both the pairwise and multipartite entanglement
of the ground state of the XY model. In order to do a
omplete analysis we were fored to onsider two distint
ground states. The rst one, whih always preserves all
the symmetries of the Hamiltonian, was alled the sym-
metri ground state. This state, however, is unphysial
for λ = J/h > 1 sine in a realisti situation the global
phase ip (global π rotation around the z axis) is always
spontaneously broken. Therefore, we also onsidered a
seond state, namely the broken-symmetry ground state,
where this symmetry no longer holds.
For the broken-symmetry state we were able to show
that, in ontrast to pairwise entanglement, multipartite
entanglement is maximal at the rst ritial point (where
the XY model exhibits a diverging orrelation length).
This property is not observed in the symmetri state,
in whih ase the multipartite entanglement inreases
monotonially as we derease the external magneti eld.
Furthermore, we have also shown that the onurrene
does not hange in the viinity of the symmetry-breaking
ritial point whether we employ the symmetri or the
broken-symmetry state. On the other hand, we have
expliitly shown that the multipartite entanglement de-
pends strongly on the symmetry of the ground state.
This result suggests that, as is the ase for the XY model,
the behavior of the multipartite entanglement may be
intimately onneted with the spontaneous symmetry
breaking mehanism. We should also remark that only
after the seond ritial point is the onurrene depen-
dent on whih state we use, and this is probably beause
the symmetry-breaking has a more pronouned eet in
the osillatory behavior the orrelations show after this
point.
We have arrived at another interesting result by noti-
ing two important fats. First, for spins three or more
sites apart there exists no pairwise entanglement what-
soever [6, 7℄. Seond, we have shown that multipartite
entanglement is never zero at the rst ritial point (be-
ing maximal for the broken-symmetry state). Combining
these two fats we are led to onlude that the long range
orrelations at this ritial point are a onsequene of the
existene of multipartite entanglement and not pairwise
entanglement. Moreover both multipartite and bipartite
entanglement tend to be larger than at the 1CP in the
ferromagneti phase as one approahes the XX model
(γ → 0), inreasing monotonially after the 2CP. This
feature ontrasts with the one and two-point orrelations
that tend to derease as γ → 0, showing that the en-
haned quantum orrelations (entanglement) in this re-
gion an only be appreiated through a proper ombi-
nation of the orrelation funtions. Sine the XX model
belongs to a dierent universality lass, nothing an be
said about entanglement at γ = 0 from our study. It
would be ertainly interesting to investigate how entan-
glement develops in the distint phases of the XX model.
Finally, our results have shown that the entanglement
ontents of the two possible ground states, i.e. the
symmetri and the broken-symmetry state, are dierent.
Therefore, it is of utmost importane to learly and ex-
pliitly verify whih state one is using in any entangle-
ment analysis made for the XY and related models in
order to avoid any possible onfusion.
Note: Upon nishing this manusript we beame aware
of a work where the eets of symmetry breaking on the
onurrene are also addressed [53℄, and a detailed study
of the onurrene and the entanglement between one site
and the rest of the hain (one-tangle) [54℄.
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